DISPERSIVE ESTIMATES IN R 3 WITH THRESHOLD 

RESONANCES 



MARIUS BECEANU 



Abstract. We prove dispersive estimates in R 3 for the Schrodinger 
evolution generated by the Hamiltonian H — —A + V, under optimal 
conditions on V, in the presence of zero resonances. 
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1. Introduction 

1.1. Classification of exceptional Hamiltonians. Consider a Hamilton- 
ian of the form H = — A-\-V, where V is a real-valued scalar potential on M 3 . 

We assume V 6 L 3 / 2 ' 1 , which is the dual of weak-L 3 and a Lorentz space; 
for its definition and properties see |BeLo| . By jSim| this is sufficient to 
guarantee the self-adjointness of H = —A + V. 

Let Rq(\) := (—A — A) -1 be the free resolvent corresponding to the 
free evolution e ltA and let i?y(A) := (—A + V — A)" 1 be the perturbed 
resolvent corresponding to the perturbed evolution e~ ltH . Explicitly, in 
three dimensions and for Im A > 0, 

R (\*)( X ,y)= (1.1) 

47T \x — y\ 
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It will be shown below that under reasonable assumptions H has only 
finitely many negative eigenvalues. Then the evolution restricted to the 
continuous spectrum [0, oo) has the representation formula 

/•oo 

e itH P c = lim / e- itT1 (R v (ri + ie) - R v (r> - ie)) drj. 

By the work of Ionescu-Jerison jloJej and Goldberg-Schlag |GoSc| , it is 
known that, when V G L 3 / 2 , i?y(A±iO) is uniformly bounded in B(L 6 ^, L 6 ) 
on any interval A G [eo, oo), eo > 0, and has no singularities in [0,oo) except 
potentially at A = 0. 

Observe that Ry = {I + RqV)~ 1 Rq, so Ry has a singularity at zero 
precisely when / + Rq(0)V, which is compact, is not invertible. 

We denote the null space of I + Ro(0)V by M: 

M :={(j) G L°° | (j) + Roipi)V(j) = 0}. 

If Ai 7^ we say that H is of exceptional type. 

The sesquilinear form — (u,Vv) is an inner product on Ai. This pairing 
is well-defined when V G L 3 / 2 ' 1 because u, v G L 6, °° by the following lemma: 

Lemma 1.1. Let V G L 3 / 2,1 ; then M C L 3 '°°. Conversely, any 4> G L 3 '°° 
f/mf satisfies the equation (j) + i?o(0)y^ = must be in L°° , hence in Ai. 

Let 8 := A4 n L 2 and Po be the orthogonal L 2 projection onto S. 

Lemma 1.2. Assume that V G (x) _1 L 3 / 2,1 C L 1 . T/ien <p(x) - ,' ^ G 

jxl - ^ 00 n Ixl" 1 ^- 00 . T/ius (p e M is in £ if and only if (cj), V) = 0; £/iera 
codim^i E 1 < 1. 

A function <p G \ <S is called a zero resonance of H. Following [JeKa 
and |Yaj], we classify exceptional Hamiltonians H as follows: 

1. H is of exceptional type of the first kind if it has a zero resonance, but 
no zero eigenfunctions: {0} = £. 

2. H is of exceptional type of the second kind if it has zero eigenfunctions, 
but no zero resonance: £ = Ai. 

3. H is of exceptional type of the third kind if it has both resonances and 
eigenfunctions at zero: {0} C £ C Ai. 

1.2. Main result. When H is of exceptional type of the first kind, we let 
the canonical resonance be <f> such that (V, </>) > and — (<f), V<f>) = 1. 

Using the canonical resonance 4>(x), we define a constant a and a function 
Ct(x) by 

Let the operator R(t) be given by 
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Proposition 1.3 (Main result). Assume that (x) 2 V G L 3 / 2,1 and that H = 
—A + V has a resonance 4> at zero (i.e. H is exceptional of the first kind). 
Then for 1 < p < 3/2 and any u G L 2 n LP 

e- itH P c u = Z(t)u + R(t)u, \\Z(t)u\\ LP , <r^-^\\f\\ LP . 

Furthermore, assuming only that V G L 3 / 2 ' 1 , /or 3/2 < p < 2 

||e- itH P c «|| iP / ^r^F-^lluHip, \\e- itH P c u\\ L3 ,oo<t-y 2 \\u\\ L 3, % i. 

The rest of the paper is dedicated to proving this main result. 

1.3. History of the problem. We study solutions to the linear Schrddinger 
equation in M 3 with potential 

id t ^ + - W = 0, #(0) given. 

By the RAGE theorem, every solution is the sum of a bound and a scat- 
tering component. The quantitative study of scattering states begins with 
Rauch [Rau| . who proved that if H = — A + gV, g G C, with exponentially 
decaying V, then e ttH P c has a local decay rate of t -3 / 2 , with at most a 
discrete set of exceptional g for which the decay rate is t~ l l 2 . Here P c is the 
projection on the space of scattering solutions. 

Threshold estimates in the presence of eigenvalues and resonances go back 
to the work of Jensen-Kato |JeKa] , who obtained an asymptotic expansion 
of the resolvent R(() = (H — C)^ 1 into 

R(C) = - iC 1/2 B-i + B + iC}l 2 B x + ... 

and similar ones for the spectral density and the S-matrix. The condition 
imposed on the potential was polynomial decay at infinity of the form (1 + 
\xf)V(x) G L 3 / 2 (M 3 ), p > 2. 

The possible singularities in this expansion are due to the presence of 
resonances or eigenstates at zero. i?_2 is the L 2 orthogonal projection on 
the zero eigenspace, while £?_i is given by 

I |2 

B-i = PoV-^^VPo -4>®<t>, 

where (ft is the canonical zero resonance, see above. 

Jensen-Kato also obtained an asymptotic expansion for the evolution 
e ltH P c: in two cases: if zero is a regular point, then 

e itH P c = -(4vri)- / / 2 t- 3 / 2 So + o(t~ 3 / 2 ) 
and if there is only a resonance (f> at zero then 

e itH P c = (vur'/V 1 /^ ® + o{r 1 / 2 ). 

Murata [MurJ extended these results by obtaining an asymptotic expan- 
sion to any order, for a more general evolution, with or without singular 
points, and then proving that each term in the expansion is degenerate. 
Murata's expansion and proof are valid in weighted L 2 spaces. 
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Erdogan-Schlag [ErScl] obtained an asymptotic expansion of the evo- 
lution e ltH P c in the pointwise L 1 -to-L°° setting using the Jensen-Nenciu 
[JeNej lemma. The condition assumed for the potential was that |V(x)| < 
(x)~ 12 ~ e . The same method works in the case of nonselfadjoint Hamiltoni- 
ans, see |ErSc2j , of the form 

_ f-A + ^ + Vt V 2 
\ -V 2 A-/i-Vi 

assuming that |Vi(x)| + |V^(a;)| < (x) _10 ~ € . 

At the same time, Yajima |Yaj| proved a similar expansion for generic 
Hamiltonians H = — A + V if |V(x)| < (x)" 5 / 2 " 6 , for singular Hamiltonians 
of the first kind when | V(x)| < (x)~ 9 / 2 ~ e , and of the second and third kind 
when \V(x)\ < {x)- ll / 2 ~ e . His main result stated the following: 

Theorem 1.4 (Theorem 1.3, |Yaj]). (1) Let V satisfy \V(x)\ < C(x)~P 
for some f3 > 5/2. Suppose that H is of generic type. Then, for any 
l<9<2<p<oo such that 1/p + 1/q = 1, 



~ itH P c u\\ p < Cp*~ 3( W)||u||g,«e l 2 n L q . (1.2) 



(2) Let V satisfy \ V(x)\ < C(x) _/3 for some (3 > 11/2. Suppose that H is 
of exceptional type. Then the following statements are satisfied: 

a) Estimate M.2]) holds when p and q are restricted to3/2<q<2<p<3 
and 1/p + 1/q = 1. 

b) Estimate &1.2}) holds whenp = 3 and q = 3/2 provided that L 3 and L 3 / 2 
are respectively replaced by Lorentz spaces L 3 '°° and L 3 / 2 ' 1 . 

c) When 3 < p < oo and 1 < q < 3/2 are such that 1/p + 1/q = 1, there 
exists a constant C pq such that for any u S L 2 n L q , 

\\e- itH P c - R(t) - S(t)u\\ p < C pq t- zC "^\\ u \\ q . 

If H is of exceptional type of the first kind, statement (2) holds under 
a weaker decay condition \ V{x)\ < C(x}~^ with /3 > 9/2. 

Several results [JSSj [C^oSc] [Gol] [BeC^olj address the issue of pointwise 
decay in the case of generic Hamiltonians — for L 3//2 ~ e n L 3 / 2+<E potentials 
in [Gol] and Kato-class potentials in [BeGol] . 



The current result, Theorem 11.3^ represents an improvement on Yaj| , by 
half a power of potential decay for exceptional Hamiltonians of the first kind. 
We expect the rate of potential decay from Theorem 11.31 to be optimal for 
this sort of result. 

The same considerations apply in the case of exceptional Hamiltonians of 
the second and third kind, also leading to similar improved results. These 
will constitute the subject of a separate paper. 



Below we mostly follow the scheme of Yajima's proof in Yaj , making the 
changes needed to improve the result. 
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2. Proof of the statements 

2.1. Proofs of Lemma 11.11 and Lemma 11.21 

Proof of Lemma \l.l\ Let V = V\ + V2, where Vi is smooth of compact sup- 
port and ||V2|| L 3/2,i << 1. Then 

</> = (I + R (fl)V 2 )- 1 Ro(0)V 1 <l> 

oo 

= (^(-1)^^0(0)^)^0(0)^10. 

fc=0 

where the inverse is the sum of a Neumann series, thus bounded on L 3,co 
and on L°°. 

If G L°°, then V 1( f> G L 1 , hence # (0)^i</> G L 3 '°°, so <j> G L 3 '°°. 

If G L 3 '°°, then G L 3 / 2 - 1 , hence Rq(0)Vl<I> G L°°, so G L°°. □ 

Proof of Lemma Start from 

<j>{x) - { -^- = f -J—V(y)<f>(y) dy 
\x\ Jr3 \x - y\ 

= [ lX l~ lX ~? l V(y)<Ky)dy 
7r3 \x-y\\x\ 

which is bounded in absolute value by , — r f — dy g |x|~ 1 L°°n 

F ./r 3 F - 2/1 

Lastly, £ is the kernel of the rank-one map <f> \— > ((f), V) from Ai to C, so 
it has codimension at most 1. □ 

2.2. Notations. We denote Lorenz spaces by L p ' 9 , 1 < p, q < oo (sec [BcLo 
for their definition and properties), Sobolev spaces by W s ' p , s G R, 1 < p < 
oo, and fix the Fourier transform to 

f(v)= f e-^f(x)dx, f(x) = (27T)- d [ e^f( V )dr,. 

JR d JR d 

We adopt the point of view according to which 

e ltHo = (R 0a (X)) v (t); R 0a (X) = (e aH °) A , A G R; 
iR (X) = (X[ ,oo)(t)e UHo ) A W, ImA < 0. 

Also, let 

* XA be the characteristic function of the set A; 

* M. be the space of finite-mass Borel measures on R or R d ; 

* 8 X denote Dirac's measure at x; 

* (x) = (1 + |x| 2 )a ; 

* B(X, Y) be the Banach space of bounded operators from X to Y; 

* C be any constant (not always the same throughout the paper); 

* a < b mean \a\ < C\b\; 

* S be the Schwartz space; 
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* u ® v mean the rank-one operator (-,v)u; 

* K(x, y) denote the operator having K(x, y) as integral kernel. 

For a potential V, let V x = \V\ 1 / 2 and V 2 = \V\^ 2 sgnV. 
2.3. Wiener spaces. 

Definition 2.1. For a Banach lattice X, let the space Vx consist of kernels 
T(x, y, t) such that, for each pair (x, y), T(x, y, t) is a finite measure in t on 
R and M(T)(x,y) := J R d\T(x,y,t)\ is an X-bounded operator. 

Vx is an algebra under 

{T l0 T 2 ){x,z,t) := J T 1 (x,y,s)T 2 (y,z,t-s)dyds. 
Elements of Vx have Fourier transforms 

f(x,y,X) := / e- itx dT(x,y,t) 

JR 

and, for every A G R, T\ V (A) o T 2 V (A) = (Ti o T 2 ) V (A). 

The space Vx contains elements of the form 5o(t)T(x,y), whose Fourier 
transform is constantly the operator T(x, y) G B(X). In particular, rank-one 
operators So(t)4>(x) <8> ip(y) are in V p when ip G X* , G X. More generally, 
f(t)T(x,y) G Vx if /(t) G L 1 and T G 6(X). 

Moreover, for two Banach spaces X and Y of functions on R 3 , we also 
define the space Vx,y of kernels T(x, y, t) such that M(T)(x, y) is a bounded 
operator from X to F. The set of such operators forms an algebroid. 

For example, note that Rq{\ 2 ) G V L 3/2,i loc Pi V^i £3,oo and d\Ro(\ 2 ) G 
V^i ^oo. Indeed, the Fourier transform in A is 

R^(t)(x,y) = (A7rt)- 1 6 ]x _ y] (t), 

so MIRq) = — — ^ r. Clearly r is in £>(L 3 / 2,1 , L°°) n BiL 1 , L 3 '°°). 

47r|x — y| 47r|x — y\ 

Likewise, (5 Aj R ) v (t)(x, y) = (4 7 r)- 1 (5| a; _ 2/ |(i), so M(d x R ) = (ATi)" 1 ! ® 1, 

which is in B{L l ,L°°). 

A space that will repeatedly intervene in computations is 

Definition 2.2. W = {L G V^/2,2 n V L s, 2 | <9 A £ G V^/2,2^3,2}. 

This space has the algebra property that L\,L 2 G W => £1-^2 G W. 
Let x be a standard cutoff function. Another useful algebra is 

W ioc = {L I for e « 1, x(A/e)L G V L3 /2,2nV L 3, 2 and x(A/ e)d\L G V L 3/2,2 iL 3,2}. 

We call terms belonging to W\ oc regular terms and generally denote such 
terms by E(\). 

The following technical lemma will be useful in the following: 
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Lemma 2.1 (Fourier transforms). 

, p is\x-y\, -1 

M 
M(d : 



\x — y\ J 4ir\x — y\ ' 
e is\x-y\ 1(gjl 



\x - y\ 

2^ 



4vr ' 
1® 1 

i? (s 2 )-^o(0)\ |x-y| 



5 

M(p, 



s 



8vr ' 



Ml d. 



8vr ' 

i? ( s 2)-i? (0)-* S MiN _ |x-y| 2 



r s s 2 ; 247r 



Proof. Let a > 0. Observe that the Fourier transform of e lXa in A is 5 a (t). 
Then 

= / e* Xb db, 
Jo 



iX 

so — — — J =X[o,o](A). Also 



e *Aa_ 1 _- Aa ra e i\b_ 1 

— ^ — =y 

, g iAa _ x _ iAa\ A . , . , 

SO (, ~X2 ) = (° - *)X[0,a] (*)• 

e is|x-y| ^ . . 

Note that Ro(s 2 ) = — : r has the Fourier transform \ x 7 vl , . Thus 

is\x-y\ \ a _ (5,^1 (a) 



^o(« 2 ) A = ( 



4ir\x — y\ ) 47r|x — y\ 
1 



Integrating the absolute value in a we obtain 



47r|x — y| 



Likewise, ( ^°^ s 1 — \ _ "X[o,|a; ^|]( ) ^ integrating the absolute 
V s J Att\x — y\ 

. 1 1®1 
value m a we get — = — - — . 

47T 47T 

„2 



The Fourier transform of the derivative is ( d s — — — = X[o,|a — 

V s J Airlx — 

Integrating in a we obtain 



s / 47r|x 

k - yj 

8vr 
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Next, 

-Ro(s 2 ) - Rq(0) - isl ® 1\ a , e is\*-y\ _ i _ is\ x - y\ 



s 2 / \ Airs 2 \x — y\ 

(\x-y\ - <r)x[o,\x-y\](<r) 



(2.1) 



Integrating in a we obtain 



4tt\x — y\ 

\x - y\ 



8vr 

The Fourier transform of the derivative is 

g Rq(s 2 ) - Rq(0) - isl <g> 1\ a _ cj(|x - y| - (T)X[0,\x-y\}(<7) 



\x — y 

Integrating in a we obtain 

& S 24vr 



s 2 / 4tt\x — y\ 

2 



□ 



2.4. Regular points and regular Hamiltonians. Before examining the 
possible singularity at zero, we study what happens at regular points in the 
spectrum. 

The following two properties play an important part in the study: 
Lemma 2.2. Let f (A) = Va.Ro(A 2 )Vi. 
CI. lim^oo ||xt>i?(t)T(t)||v i3/2i2 nv i3 ,2 = °- 

C2. For some n > 1 lim e ^ \\T n \t + e) - r n (t)||v L3/2i2 nV L 3, 2 = 0. 

We refer the reader to similar properties that appear in the proof of 
Theorem 5 in [BeGolj . 

Proof of Lemma \2.2i Suppose V\ and V% are bounded functions with com- 
pact support in a set of diameter D. It follows that for R > 2D x(A/-R)T(A) = 
0, so in particular \\xt>RM\\v L3 /2 2nv L 3,2 — >■ as i? — > oo, and property CI 
is preserved by taking the limit of V\ and V% in L 3,2 . 

Next, fix p S (1,4/3] and assume that V\ and Vi are bounded and of 
compact support. Then T(A), having a kernel equal in absolute value to 
\V(x)\ l / 2 \V(y)\ 1 / 2 

1 ' V 1 — , is uniformly bounded in B(X,LP), B(D>,X\ and B(V) 

vk\x — y\ 

for all A, where X is L 3 / 2,2 or L 3,2 . 

Since V\ and Vi are bounded and of compact support, T also has the local 

and distal properties 



lim 



Mx^y) 
X<e{\x-y\) 



\x - y\ 



and 

„V 2 {x)V x {y) 

x>r{\x - y 



lim 

R^oo 



\x - y\ 



= 

B ( L 3/2,2 )nB(L 3,2) 



= 0. 

B ( L 3/2,2) n/3 ( L 3,2) 
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Combined with condition CI, this implies that for any e > there exists a 
cutoff function x compactly supported in (0, oo) such that 

\\x(p)T(p)-T( P )\\ Vl1 <e. 

Thus, it suffices to show that condition C2 holds for x(p)T(p), where x is a 
compactly supported cutoff function in (0, oo). 
The Fourier transform of x(p)T(p) has the form 

(X(P)T(P)) A (X) = V 2 {x) f X ~ V X (\x ~ y\)Vi{y). (2.2) 

4tt\x — y\ 

Such oscillating kernels have decay in the LP operator norm for p > 1. By 
the Lemma of |Ste| . page 392, 

\\(x(p)T(p)) A (\)f\\ LP <\- 3/p '\\f\\L P . 

Therefore 

||((x(p)T(p))^(A)) iV /|U<A- 3 ^- 2 W||/||x. 

For N > 2 + 2p'/3, this shows that d p (x(p)T(p)) N are uniformly bounded 
operators in B(X), where X is either L 3 / 2,2 or L 3,2 . Since (x(p)T(p)) N has 
compact support in p, this in turn implies C2. 

For general V G L 3 / 2 ' 1 , choose a sequence of bounded compactly sup- 
ported approximations for which C2 holds, as shown above. By a limiting 
process, we obtain that C2 also holds for V. □ 

Lemma 2.3. Let T(X) = I + V 2 R (X 2 )V 1 . Assume that V G L 3/2>1 and 
let Ao 7^ 0. Consider a cutoff function x- Then, for e « 1, (x((A — 
A )/e)f(A)- 1 ) v G V L a /2 , 2 nV L 3,2 and(x((X-Xo)/e)d x T(X)-y G V L 3/ 2 , 2jL 3, 2 . 

Likewise, infinity is a regular point: for R >> 1 (1 — x(A/-R))T(A) _1 G 
V i3/2 , 2 n V i3 , 2 and (1 - x(X/R))d x f (A)" 1 G V L 3/ 2 , 2iL 3, 2 . 

Proo/ ofLemmaWM Let S e (A) = xtA/eX^i^A^-V^CA^i)- A sim- 
ple argument based on condition CI shows that lim^o l|<5e(A)||v 3/2 2 l3 2 = 
0. Then, for e < e /2, 

X (A/e)f- 1 (A) = x(A/e)(f (Ao) + x(X/e )(R (X 2 )V - Ro^oW))' 1 
= X (A/e)f (AorV + S eo (X)f (Ao)" 1 )" 1 

OO 

= X (A/e)f (Ao)" 1 ^(-l) fc (5 eo (A)f (Ao)- 1 )^. 

fc=0 

The series above converges for sufficiently small eo, showing that (x(A/e)T — 1 (A)) V G 

V^3/ 2 ,2 £3,2. 

Concerning the derivative, for e < eo/2 

X (A/e)9 A f- 1 (A) = -x(A/e)f- 1 (A)x(A/e )5 A f (A)x(A/e )f- 1 (A). 



10 MARIUS BECEANU 

In this expression x(Ve)T -1 (A) G V L 3/2,2 n V^3,2 and x(-V e o)<9\r(A) G 

V i3 /2, 2 L3 ,2 since M(d\T(\)) = IMKM. Thus x(A/e)d A f -i(A) G V L 3/2,2 L3 , 2 . 

At infinity, for any real number L one can express (1 — x(A/L))T(A) as 
the Fourier transform of 

S L (p) = (M v - Lfj(L-) *M s/ )(p) = [ Li){La)[M w {p) - M y {p- a)]da 

Jr 

Thanks to condition C2, the norm of the right-hand integral vanishes as 
L — > oo. This makes it possible to construct an inverse Fourier transform 
for 

oo , 

(1 - X (A/2L)) (/ + f (A)) - 1 = (1 - X (A/2L)) ((l - X (A/L))f (A)) 

fc=0 

via a convergent power series expansion provided L > L\. 

If only T N satisfies condition C2 then one constructs an inverse Fourier 
transform for (1 -x(A/2L))(/±T iV (A))- 1 via this process and observes that 

JV-l 

(l- X (A/2L))(/+f (A))" 1 = (i_ x (A/2L))(/+(-f (A))^)- 1 ^(-l) fc f fc (A). 

A:=0 

□ 

In the case when H is generic, we can cover the whole spectrum [0, oo) by 
open neighborhoods of regular points, plus an open neighborhood of infinity, 
and choose a subordinate partition of unity. We retrieve a form of Theorem 
2 of [BeGolj : 

Theorem 2.4. Let V G L 3 / 2 ' 1 be a real-valued potential for which the 
Schrddinger operator H = — A + V has no resonances or eigenvalues within 
the halfline [0, +oo). Then 

||e-^P c /|L<|t|-f||/||i. (2.3) 

In the context of the wave equation, again if the Hamiltonian H is generic, 
we retrieve the results of [BeGo2j . 

We next consider the effect of singularities at zero. 

2.5. Exceptional Hamiltonians of the first kind. Let 

Q = ~. [ (V 2 R (0)Vi - z)- 1 dz 
27T l J\ z+ i\=s 

and Q = 1 — Q. Assuming that H = —A + V has only a resonance <j> at 
zero, then, following Yajima |Yaj| , 

Q = -V 2 (t>®V 1 (j). 

The resonance <fi G Ai satisfies the equation <ft = —Rq(Q)V <p. Since (ft 6 
L 3 '°° n L°°, Q is bounded on L 3 / 2,3 and on L 3 ' 2 , so Q G W. Moreover, Q is 
in B(L 3 / 2 ' 2 ,L 3 - 2 ) and in £>(L 3 ' 2 , L 3 / 2,2 ). 
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Note that, since 

e *\*-v\ _ i < min( i ; X \x - y\) e^l*-"! - 1 < A 5 |x - y\ s , 

one has 

^ 2 (x)(^— ^- - — L- fWj,) < ^(^)AFi(y). (2.4) 
V \x — y\ \x — y\ / 

Thus, when V G (x)"^ 3 / 2 ' 1 , f(A) = 1 + V 2 -Ro(A)yi is Lipschitz continu- 
ous in B(L 2 ). This implies that, more generally, when V G L 3 / 2,1 T(A) is 
continuous in B(L 2 ). 
Let 

# = (j + y 2 i? (o)Fi + - Q). 

Then K is the inverse of / + V 2 Rq{$)Vi in B(L 3 / 2 ' 2 ) n £(L 3 ' 2 ), in the sense 
that 

K(I + y 2 i? (0)yi) = (J + y 2 fio(0)Vi)if = I-Q:=Q. (2.5) 
The following lemma (Lemma 4.7 from Yajima |Yaj|) is extremely useful 
in studying the singularity at zero. 

Lemma 2.5. Let X = Xq + X\ be a direct sum decomposition of a vector 
space X. Suppose that a linear operator L G B(X) is written in the form 

y L\o L\\. 

in this decomposition and that Lqq exists. Set C = L\\ — L\qLqqLq\. Then, 
L _1 exists if and only if C _1 exists. In this case 

-i _ ( ^oo + -^oo 1 ^oiC~ 1 -^io^oo 1 -LqqLoiC -1 



L 



V ~ c L wL 00 c / 

By definition, an exceptional point A G C is one where T(A) is not L 2 - 
invertible. 

Lemma 2.6. Assume that (x) 2 V G L 3 / 2 ' 1 and that H = — A + V has a 
resonance <f> at zero. Then for A << 1 

f (A)" 1 = (/ + V 2 R (X 2 )V 1 )- 1 = L(A) - A- 1 -^-^ Vtf, 

where L G W; oc . 

Moreover, zero is an isolated exceptional point, so H = —A + V has 
finitely many negative eigenvalues. 

The computations in the proof of this lemma parallel those in Section 4.3 
of |Yaj| . The main difference is using L 1 -related spaces instead of Holder 
spaces for regular bounded terms. 

Proof of Lemma \2.6l We apply Lemma 12.51 to 

fm-r + VBa%-^ QT(X)Q\ (T 00 (\) T 01 (A)A 

nx) - I + V2Ro{x)Vl -{ Q f(x)Q Qf (x)q) - lr 10 (A) r u (A)J- 
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Note that T 00 (A) := Q(I + V 2 R (X 2 )V 1 )Q is invertible in B(QL 2 ) for |A| « 
1, because 

Tqo(O) = QT(0)Q = Q(I + V 2 R (0)V 1 )Q 

is invertible on QL 2 of inverse K, see (|2.5p . and Too (A) is continuous in the 
norm of B(L 2 ), see (|2.4p above. 

Assume Too(A) were not invertible in B(QL 3 ^ 2 ' 2 ) or in B(QL 3 ' 2 ); then 
by Fredholm's alternative there should exist a solution / to the equation 
/ + V 2 Ro(X)Vif = in QL 3 / 2,2 or QL 3 ' 2 . However, such a solution will also 
be in QL 2 , which contradicts the invertibility of Too(A) in B{QL 2 ). 

Furthermore, start from i?o(A 2 ) G V L z/2,i £00 n Vx,i 2,3,00 an d d\Ro(X 2 ) G 
V^i x,oo. We know that Vi G 1^3/2,00 L i n V^oo 2,3,2. Thus V^-Ro^i G VV and 
Q preserves that. Then T o(A) G W as well. 

Next, since Too(0) is invertible, T J ) 1 (A) G Wz oc . The proof is as follows: let 
S e (A) = x(A/e)Q(V r 2j R (A 2 )Vi - V2#o(0)Vi)Q. A simple argument based on 
condition CI shows that lim e ^o ||fii e (A)[|v 3 / 3 2 nv i3 2 = 0- Then, for e < eo/2, 

X (A/e)T 00 1 (A) = x(A/e)(r 00 (0) + x(A/e )Q(F 2j R (A 2 )V 1 - V 2 R (0)V 1 )Qy 1 

= xCA/ejTooCO)- 1 ^ + S^MTooCO)- 1 )- 1 
00 

= xCA/^TooCO)- 1 ^(-l) fc (5 eo (A)T 00 (0)- 1 ) fc . 

fe=0 

The series above converges for sufficiently small eo, showing that x(A/e)T ^ 1 (A) G 

V^3/2,2 H V£3,2 . 

Concerning the derivative, for e < eo/2 

X (A/e)5 A T 00 1 (A) = - X (X/e)T^(X)x(X/e Q )d x T 0Q (X) X (X/e Q )T^(X). 

In this expression x(A/e)T 00 1 (A) G V L 3/2,2 fl 1/2,3,2 and x(A/eo)d A Too(A) G 

V L 3/2, 2jL 3,2 since M(<9 A T 00 (A)) = M^YA. Thus x(A/e)9 A T Q0 1 (A) G V^,^. 
Let 

f (A) - (/ + V 2 Ro(Q)Vi + iA(4 7 r)- 1 y 2 ® VI) 



J(A) := 



A 2 

y 2 i?o(A 2 )^ - F 2 i? (0)yi - iA(4vr)- 1 F 2 ® Vi 



A 2 

Then 

Tii (A) = QT(X)Q = Q(I + l/ 2 i? (A 2 )yi)Q 
= Q(Vy? (A 2 )Vi - V 2 R {Q)V l )Q 
= y 2 ® ^(12o(A 2 ) - Ro(0))V<f> ® Vx4> 

= (A^^-A 2 W,J(A)^))Q 

= (Xa- 1 - X 2 (V 1 cl ) ,J(X)V 2( t ) )})Q 
:= Xc (X)Q. 
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Note that co(0) = a 1 ^ 0. Recall that a 
Here c (A) G L 1 if 

y(x)</)(x)y(y)0(y) 
For every x and y, by Lemma |2. II 



e iA]a:-2/| _ -y . 



A|x - y| 



dx <iy < oo. 



e *A|aj— y| _ ]_ 




X[0,\x-y\](t) 




A|x - y| 




\x - y\ 





so it is enough to assume that Vcft G L 1 , i.e. that V G L 3 / 2,1 , to prove that 
c (A)GL 1 . 

In order for <9aCo(A) to be in L , it suffices that 

& i\\x-y\ _ ^ 



/r 3 Jr 3 

For every x and y, by Lemma 12. 11 

e i\\x-y\ _ j 



5 A - 



A|x — y| 



dx dy < oo . 



9 



A _ 



X\x - y\ 





*X[0,|a;-y|](*) 


\x - y\ 




|x - y| 


L\ " 2 



so <9ac (A) G L 1 when V<f> G (x)^ 1 ^ 1 , i.e. when V G (x) -1 ^ 3 / 2 ' 1 . 
Regarding J(A), when 1/ G (x) _1 L 3 / 2,1 then 

/R (X 2 ) - Rq(0) - iA(4vr)- 1 l <g> 1 



<J(A)V 2 0,^> 



A 2 



Moreover, when V G {x}' 2 ^ 2 ' 1 , {d x J{X)V 2 <l>,Vi<f>) G L A . 
Furthermore, let 

A^(A) := f (X)V 2 <j> = (V 2 R (X)V - V 2 R (0)V)<j) 

.v 2 ® Vi 



AN 



4?r 



+ XJ(X))V 2 (f> 



and 



A^*(A) := T(A)Vi^ = (ViB%(\)V - V 1 R (0)V)<j ) 
Vi®V 2 



= Xy - i 
Note that M(J(A)) = \V 2 



4tt 

x-y\ 



+ AJ*(A))Vi0. 



8vr 



Vi| is a bounded operator from L 3 / 2 ' 



to L ' , assuming that V G (x)- 2 ^/ 2 ' 1 . Thus J(A) G V i3 /2, 2 L 3, 2 and same 
goes for Xd\J(X). 

Moreover, M(AJ(A)) = ^ ® ^ . Thus AJ(A) G V L 2 L 2 for V G (x)" 1 ^/ 2 ' 1 

27T ' 

and AJ(A) G V L 3/2, 2^3/2,2 n V L 3, 2^3,2 when F G (x)~ 2 L 3 / 2,1 . Further note 
that d A (AJ(A)) = J(X) + Xd\J(X) G V L 3/ 2 ,2 >L 3,2. It follows that AJ(A) G W ioc 
is a regular term. 
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Then _ 

Toi(A) := QT(\)Q = f(X)Q - QT(\)Q 

= -A^(A)®Fi0-Aco(A)Q 

= -A(VKA) - co(A)V20) ® 140. 

Likewise, 

Tio(A) = -AV20 <8> (V>*(A) — co(A)Vi0)- 
Note that T i(A) = A^i(A) and Ti (A) = A£ 2 (A) with Ei, E 2 e W; oc regular 
terms. 

Then -r 10 (A)r oo 1 (A)Toi(A) = A 2 ci(A)Q, where 

ci(A) := <^*(A)-^(A)y 1 ) T O o 1 (A)(^(A)-c o (A)F 2 0)> 

= ( ( - *^lr^ + A J * ^) y ^ - *oPW> (2.7) 

^((i^^ + AJ(A))F 2 <A - c (A)F 2 <A 
For example, one of the terms in (12.71) has the form 

(AJ*(A)Fi</),r oo 1 (A)AJ(A)y 2 0). (2.8) 

Since AJ(A) and T ^ ) 1 (A) are regular terms and since V±(j), Vi§ G L 3 / 2,2 n 
L 3,2 , it immediately follows that (|2.8p is in L 1 and its derivative is also in L 1 . 

We then recognize from formula (|2.7p that, for a cutoff function x, x(A/e)ci(A) G 
L 1 and x(A/e)a A ci(A) G L 1 when V € (a) -2 !, 3 / 2 ' 1 . 

Let 

C(A) := Tn (A) - Tio(A)T 00 1 (A)T i(A). 

Then 

C(A) = (c (A)A + A 2 ci(A))Q 

= (Aa- 1 - A 2 (yi0, J(A)F 2 0> + A 2 ci(A))Q := \aT x Q + A 2 c 2 (A)Q. 

Thus C(A)/A is invertible for |A| << 1 and when V G (x) _2 L 3//2,1 one has 
that 

C ~ 1(A) = Aa-i + A 2 c 2 (A) Q 

1 1 1_\ 

Aa- 1 + Aa-i + A 2 c 2 (A) Aa" 1 ^ 

a c 2 (A) \ 

■ A (a- 1 + Ac 2 (A))a" 1 ^ 

:= aA -1 Q + £7(A). 

For a fixed standard cutoff function \ an d sufficiently small e, since Q £ 
£(L 3 / 2 > 2 ) n B(L^ 2 ) n £(L 3 / 2 > 2 ,L 3 > 2 ), it follows that £(A) G W, oc . 
The inverse of T is then given by formula (|2.6|) : 



/TT— 1 I rp—lrp (~t — \rp rp— 1 rp— lrp /"( — 1 

J oo + i oo J oi<^ -t 10 -too _i oo J oi^ 
— 1> -tio-too 
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Three of the matrix elements are regular terms belonging to Wioc- Indeed, 
recall that Tqq 1 G Wi oc and T W (X) = XEi(X) and T i(A) = XE 2 (X), while 
C- 1 = X~ 1 E 3 (X), with E U E 2 ,E 3 G W ioc . 

The fourth matrix element is C _1 in the lower-right corner, which is the 
sum of the regular term E(X) G Wi oc an d the singular term 

aX~ l Q = -aX~ l V 2 <t> ® Vi<j>. 

Thus aA _1 Q is the only singular term in the expansion of T[X) at zero. 

Further note that T~ l is well-defined on a whole cut neighborhood of zero 
by the formula above. Thus zero is an isolated exceptional point, so there 
are finitely many negative eigenvalues. 

□ 

Recall that, by definition, an exceptional point A G C is one where T(A) 
is not L 2 -invertible. 

Lemma 2.7. Assume that V G L 3 / 2,1 and that H = -A+V has a resonance 
(j) at zero. Then T(X)^ 1 = L + S, with L G Wi oc and locally at zero XS(X) G 

V L 3,2 jL 3/2,2. 

Furthermore, is an isolated exceptional point, so H has finitely many 
negative eigenvalues. 

This lemma shows what happens in case the potential has the critical rate 
of decay. As such, it cannot be improved. 

Proof of Lemma 2.7 We again apply Lemma 12.51 to 

f m ._ j , v (X 2 W _ (QT(X)Q QT(X)Q\ ._ /Too(A) T 01 (A)\ 
- / + V2R0(X )Vl ~ \QT(X)Q QT{X)Q) - \T 10 (X) T n (A)J ' 

The proof of the fact that T^ 1 (A) G Wi oc is the same as in Lemma 
Then note that 

T n (A) = QT(X)Q = Q(I + V 2 Rv(X 2 )V l )Q 

= Q(V 2 R {X 2 )Vi - y 2J R (0)Fi)Q 

= V 2 cp ® V<p(R (X 2 ) - R O (O))V0 Vx4> 

:= Ac (A)Q. 

Observe that co(0) = a -1 7^ 0. Recall that a = . 

\{v,9)r 

Here c (A) G L 1 if 

e iX\x-y\ _ 1 

V(x)(j)(x)V(y)4>(y) — — dxdy < 00. 

X\x-y\ L{ 

For every x and y, by Lemma 12. II 
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so it is enough to assume that V(f> G L 1 , i.e. that V G L 3 / 2,1 , to prove that 
co(A) G L l . 
Furthermore, 

Toi(A) := QT(X)Q = f(X)Q - QT(X)Q 

= (V 2 R (\ 2 )V<p - Ac o (A)y 2 0) ® Vuj> 



x (y 2 M^)-Ro(o) V(f) _ co(A) ^ s ^ 



Likewise, 



Tio(A) = -y 2 0® (^(A 2 )^ - Ac (A)V^) 

= -ai/ 2 ® ( Fl ^(A 2 )-^o(o) ^ _ ^ Vl ^ . 

Thus Tio and Tqi are both in V L 3/2,2 n V^3,2 . 
Then -ri (A)r- 1 (A)r O i(A) = Aci(A)Q, where 



(2.9) 



ci(A) = (Fxi^(AW " Ac o (A)Vi0, 

r _ 1(A) (y /°( A2 )-^(°) y _ Co(A) y 20 
For example, one term from formula (12, 9h has the form 

^(A 2 )^^,^ 1 ^^^-^^^). (2.10) 
Note that ViR* (X 2 )V 2 and T^ 1 are regular terms, while 

m ( V3 *om-mo) v \ = \m®m e B(L 3 A2)L 3, 2)) 

V A / 47T 

(A 2 ) — Rq(0) 

so V2 V\ G V L 3/2,2 L 3,2. Taking into account the fact that V\4>, 

A ' ^ 

V 2 <p G L 3/2 ' 2 , it follows that (I2TTU1) is in L 1 . 

Thus we recognize from (USD that ci(A) G L 1 when F G L 3 / 2 ' 1 . 

Further note that, since R%(0)V(j) = 0, ci(0) = 0. 

Let 

C(A) := T11 (A) - Tio(A)T 00 1 (A)T i(A). 

Then 

C(A) = (c (A)A + ci(A)A)Q. 

Thus C(A)/A is invertible for |A| << 1 and AC _1 ( A ) = c 2 (A)Q, with c 2 
locally in L . Consequently, locally near zero AC -1 (A) G V L 3,2 £,3/2,2. 
The inverse of T is then given by formula (j2.6f) : 

T -l _ / J 00 + J 00 J 01<^ ^10^00 _J oo J oi<^ 
10^00 
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It immediately follows that A(T _1 (A) — T 00 1 (A)) is in 1/^3,2 ^3/2, 2 and that 
T _1 , given by formula (|2.6p . exists on a whole cut neighborhood of zero. □ 

Recall that 

— i — 

R(t) : = ^-Ct(s) ® Ct(l/), := e^l 2 / 4 ^). 



Proposition 2.8. Assume that (x) 2 V G L 3 / 2 ' 1 and i/tai -ff = —A + V /ias 
a resonance <f> at zero. Then for 1 < p < 3/2 

e~ itH P c u = Z(t)u + 
Furthermore, for 3/2 < p < 2 

He-^p^H^ <r |{ ^"^VllL P . 

Proof of Proposition \2.8[ Write the evolution as 

e -itH pJ = 1 I e -^^ o(A2) _ jRo (A 2 )F 1 f(A)- 1 y 2 i? (A 2 ))/2A(iA. 

We consider a partition of unity subordinated to the neighborhoods of Lem- 
mas 0E2 and E23 

iV 

1 = X o(A/e) + J] X fc((A - A fc )/e fc ) + (1 - Xoo(A/fl)). 
fe=i 

By Lemma [231 for any A*. ^ 0, X&((^ ~~ ^k)/ e k)T(X) G V L 3/2,2 D V£3,2 and 
Xfc((A - \ k )/e k )d x f (A) G V i3 /2,2 iL 3,2 and likewise for 1 - Xoo(A/i?))T(A). 
We call these terms regular; their sum is also regular. By Lemma 12.61 
Xo{X/e)T{X) also decomposes into a regular term L and a singular term 
X~ l aQ. 

Let Xoo(^) = XoOV e ) an d Z\ be given by the sum of all the regular terms 
of the decomposition, so 

Z 1 (t) = - [ e~ ux2 {R (X 2 ) - Xoo (X)R (X 2 )V 1 L(X)V 2 R (X 2 )- 

- (1 - xoo(A)) J R (A 2 )yif (A)y 2J R (A 2 ))2AdA 

' r e- ux2 d x (R (X 2 ) - X ooWRo(X 2 )ViL(X)V 2 Ro(X 2 y 



irt _ 

- (1 - xoo(A)) J R (A 2 )yif (X)V 2 R (X 2 )) dX. 

The i -3 / 2 decay from L 1 to L°° follows for Z\ by taking the Fourier transform 
in A and knowing that 

d x {R (X 2 ) - xoo(A) J R (A 2 )V 1 L(A)F 2 i? (A 2 )- 

- (1 - Xoo(A)) J R (A 2 )F 1 f (A)y 2 i? (A 2 )) G V L i^. 
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The L 2 boundedness of Z\ follows by smoothing estimates. By interpolation 
we obtain that, for - + = 1, 1 < p < 2, 

\\Zi(tM LP > <t~^~^\\u\\ LP , 

as well as 

||Zl(t)-u|| L 3,oo < t~ 1/2 \\u\\ L 3/2,l- 

Let Z 2 be the singular part of the decomposition from Lemma [2.6l given by 
Z 2 (t) = - [ e- itx \ 00 (X)aR^(X 2 )V ( t>^V^Ro(X 2 )dX 

./TO 



a 



p i\\x— zi\ p i\\z2— y\ 

mjRJWW 4n\x-zi\ A-K\z 2 -y\ 



The subsequent Lemma 12.91 is the same as Lemma 4.10 from |Yaj| , the 
only difference being the space of potentials for which the result holds. For 
the sake of completeness we repeat the proof given in |Yaj| . 

Lemma 2.9. For V G (x^L 3 / 2 ' 1 

\\(Z 2 {t) - R(t))u\\ L - <^ 3/2 |M| L i, ||Z 2 (t)n|| L 3,oc ^r^lMliS/a,!. (2.11) 

Proof of Lemma \2. ffl Let b = \x — Zi\ + \z 2 — y\ and 



C(t,b) = - [ e ux2+lXb X oo(\)dX. 



We express Z 2 (t) as 



z 2 (t) = 1 at, h) y^)^)n^)^) dzi dZ2 . 

\x-z 1 \\z2-y\ 



Note that 



C(t,b) = ^ 7 =(e- 2 /^ (s))\b/2t). 
ly/lllt 

Then C(t, b) < t~ 1 / 2 and 

\Z\ — x\ 



C ,early / ^ 6 L 3,~ and f ttMMfe 6 L 3,» im . 

J R 3 \zi - x\ ' J R 3 \z 2 -y\ 

plying that 

\\Z 2 (t)u\\ L 3,oc < t' 1/2 \\u\\ L 3/2,l. 

We also have 

He^xUs))(W2t) - l| < t-\\\s 2 X V o\\i + |6|). 
It is easy to see, for 

B = 2(\x - z\\\z\\ + \z 2 - y\\z 2 \ + \x — zi\\z 2 - y\) + \zi\ 2 + \z 2 \ 2 , 
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that 



ii6 2 /4£ _ e i(x 2 +y 2 )/4t, = i jQx-zi \ + \z 2 -y\) 2 /4t _ e i(x 2 +y 2 ) / 4t i < 



B 
4i' 



It follows that 



C(t,b) 



D i(x 2 +y 2 )/4t 



Then 



Z 2 (t) - 



i(x 2 +y 2 )/4t 



< (l + b + B)^ 2 . 



V(z 1 )<p(zi)V(z 2 )<p(z 2 ) dzi dz 2 



2 Wiirt \x-zi\\y-Z2\ 
(l + b + B)\V(z 1 )^z 1 )V(z 2 )cl ) (z 2 )\ 
\x - zi\\z 2 - y\ 



< 



dz\ dz 2 . 



Now note that for V € (x) 1 L 3 / 2,1 and 4>{x) < 



sup 

x,y 



{l + b + B)\V(z 1 )cl>{z 1 )V{z 2 )cj>{z 2 )\ 



i)2 



\x - zi\\z 2 - y\ 



dz\ dz 2 < 00 



and 



\x — Z\\ 

The conclusion (|2.1ip follows. □ 

Note that R(t) also satisfies ll-R^iiH^oo < i~ 1//2 ||ii|| L 3/2,i , so the same 
holds for the difference: 

||(Z 2 (t)-/2(t)M| £ 3,co < t _1/2 [|«[|i3/ a .l 

By interpolation with the L 1 to L°° estimate of Lemma 12.91 we obtain that 
for 1 < p < 3/2 

\\{z 2 (t) - R{t))u\\ LP , <r^-7\\ u \\ LP . 

Since the same is true for Z\, we obtain for 1 < p < 3/2 that 

\\z{t)u\\ LP , <r^p~v\\ u \\ LP . 

Knowing that ||Zj(t)'u|| £ 3, t x> < t 1//2 1 1 it 1 1 ^.3/2,1 leads to the conclusion that 

[| e P c n|| £ 3,oo < ||u|| L 3/2,i . Combining this with the I? estimate \\e~ ttH P c u\\ L 2 < 

||u|| £ 2, we obtain that for 3/2 < p < 2 



it// ; 



□ 



Thus we have proved all the conclusions of Proposition 

Proposition 2.10. Assume that V £ L 3 / 2,1 and i/toi H = —A + 1/ has a 

resonance cb at zero. Then 



UH 



PrU 



< 



It 



and /or 3/2 < p < 2 



\e- itH P c u\\ LP > <r^~^\\u\\ LP . 
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Proof of Proposition \2.1(A Write the evolution as 
-UH 



e 



r P c f = - [ e~ itx2 {Ro(\ 2 ) - Ro(\ 2 )V 1 T(\)- 1 V 2 Ro(\ 2 ))f2\d\. 
Jm. 



We consider a partition of unity subordinated to the neighborhoods of Lem- 
mas and 



JV 



1 = Xo(A/e) + £ X fc((A - A fc )/e fc ) + (1 - Xoo(A/Ji)). 
fe=i 

By Lemma EH for any A& / 0, Xfc((A — Afc)/efc)T(A) G V L 3/ 2 ,2 n V£3,2 and 
Xfc((A - X k )/e k )d x T(X) G V^/2,2^3,2 and likewise for 1 - Xoo(A/i?))T(A). 
We call these terms regular; their sum is also regular. By Lemma 12.71 
Xo(A/e)L(A) and Axo(A/e)5'(A) are also regular terms. 

Let Xoo(A) = Xo(A/e) and Z\ be given by the sum of all the regular terms 
of the decomposition, so 

Zi(t) = - [ e- ux2 (R (X 2 ) - X ooWRo(^)ViL(X)V 2 R (X 2 )- 



ITT _ 



(1 - xoo(A)) J Ro(A 2 )yiT(A)y 2J Ro(A 2 ))2A ( iA 

Tit . 

(1 - xoo(A)) J R (A 2 )Vif(A)y2 J Ro(A 2 )) dX. 



e~ ux d\(R (X 2 ) - xoo(A)i?o(A 2 )ViL(A)y 2 -Ro(A 2 )- 



The t 3//2 decay from L 1 to L°° follows for Z\ by taking the Fourier transform 
in A and knowing that 

d x {R (X 2 ) - X oo(A) j Ro(A 2 )ViL(A)F 2j Ro(A 2 )- 

- (1 - xoo(A)) J R (A 2 )F 1 f (X)V 2 R (X 2 )) G V L i^. 

By smoothing estimates it immediately follows that Z\ (t) is L 2 -bounded. 
Interpolating we obtain the desired ||Zi(t)ii||£3,oo < t _1 / 2 ||u|| L 3,i estimate. 
Let Z 2 be the singular part of the decomposition from Lemma [2.6l given by 

Z 2 (t) = - [ e- ux2 xoo(X)Ro(X 2 )V 1 (XS(X))V 2 R (X 2 )dX. 

Note that # (A 2 )Fi G ^3/2,2^3,00, x o(A)A5(A) G V L 3, 2)L 3/2,2, and V 2 R (X 2 ) G 
V L 3/2,i L 3,2- Thus 



Xo0 (X)R (X 2 )V 1 (XS(X))V 2 R (X 2 ) G V L3/2 , 



1L3,' 



By taking the Fourier transform, this immediately implies the conclusion 
that ||Z 2 (t)«||i3,oo < t _1 / 2 ||n|| L 3/2,i- 

Putting the two estimates for Z\ and Z 2 together, we obtain exactly the 
desired conclusion. □ 
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